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TUBE DOMAINS AND RESTRICTIONS OF MINIMAL
REPRESENTATION
HENRIK SEPPÄNEN
Abstrat. In this paper we study the restritions of the minimal representation in
the analyti ontinuation of the salar holomorphi disrete series from Sp(n,R) to
GL(n,R), and from SU(n, n) to GL(n,C) respetively. We work with the realisations
of the representation spaes as L2-spaes on the boundary orbits of rank one of
the orresponding ones, and give expliit integral operators that play the role of
the intertwining operators for the deomposition. We prove inversion formulas for
dense subspaes and use them to prove the Planherel theorem for the respetive
deomposition. The Planherel measure turns out to be absolutely ontinuous with
respet to the Lebesgue measure in both ases.
1. Introdution
The unitary representations obtained by ontinuation of the salar holomorphi dis-
rete series of a hermitian Lie group, G, were lassied by Wallah in [10℄, and inde-
pendently by Rossi and Vergne ([5℄). The lassiation amounts to membership in the
Wallah set for the linear funtionals on the ompat Cartan subalgebra that extend
the family of weights parametrising the weighted Bergman spaes on the symmetri
spae G/K.
These unitary representations an all be realised on Hilbert spaes of holomorphi
funtions on the orresponding bounded symmetri domain D ∼= G/K. However, in
this model the unitary struture annot be desribed in a uniform way even though
the orresponding reproduing kernels an. In any ase, the restrition to any totally
real submanifold denes an injetive mapping. Therefore it is natural to onsider an
antiholomorphi involution τ : D → D that lifts to an involutive automorphism (whih
we also denote by τ) of the group G. Letting H = Gτ denote the xed point group, and
L = K ∩H , the spae X := H/L is a totally real submanifold. The deomposition of
the restrition to H of the unitary representations obtained by analyti ontinuation,
or more generally, the restrition of holomorphi representations to symmetri sub-
groups, has lately been an area of intensive researh. Among those who have studied
this problem we nd, for example, Davidson, Ólafsson, and Zhang ([1℄), van Dijk and
Pevzner ([9℄), Zhang ([11℄, [12℄, [13℄), and the author ([7℄, [8℄). However, there does not
yet seem to be any uniform way of dealing with this problem. For regular parameter,
the Segal-Bargmann transform provides a unitary equivalene between the restrition
to the group H and the left regular representation of H on the spae L2(H/L) and
in this ase the deomposition is determined expliitly by the Helgason Fourier trans-
form for the symmetri spae H/L. Otherwise, the results obtained so far depend on
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partiular features of the speial ases. In [12℄, Zhang deomposes the restrition to
the diagonal subgroup of the tensor produt of a minimal representation and its dual
by nding the spetral deomposition for the Casimir operator. The same method is
used in [8℄, where the author determines the restrition of the minimal representation
for SU(n,m) to the subgroup SO(n,m). It should be noted that this approah identi-
es the representations ourring in the deomposition and determines the Planherel
measure expliitly, but it does not provide an intertwining operator. In [7℄, the author
determines the restrition from SO(2, n) to SO(1, n) for general parameter in the Wal-
lah set and gives an intertwining operator. This was possible thanks to an expliit
power series expansion for the spherial funtions on the group SO(1, n).
In this paper we onsider the minimal representations for the groups Sp(n,R) and
SU(n, n) and restrit to the automorphism groups for the ones assoiated with the
respetive tube domains. We use the model in [5℄ that realises the representations as
L2-spaes on the orbits of rank one elements on the boundaries of the respetive ones.
The intertwining operators are given expliitly as integral transforms (or, rather, as
analyti ontinuations of operators dened as integral transforms). The two ases we
deal with are idential in priniple. However, the proofs are rather tehnial when
it omes to parameters, so we hose to avoid a uniform presentation to inrease the
readability. Instead we present two parallel ases where the solutions follow the same
guideline.
The paper is organised as follows. Setion 2 ontains preliminaries for the two ases
separately. In setion 3 we desribe the onstituents in the deomposition for the
restrition from Sp(n,R), onstrut an intertwining operator and prove the Planherel
theorem. Setion 4 is the analogue of setion 3 for the group SU(n, n).
Aknowledgement: The author is grateful to his advisor Professor Genkai Zhang
for illuminating disussions on the topi of this paper.
2. Preliminaries
2.1. Type IIn. Let V be the real vetor spae of symmetri n × n-matries. The
omplexiation, V C = V ⊕ iV , of V onsists of all omplex symmetri n×n matries.
Consider the bounded symmetri domain
D = {Z ∈ V C|I − Z∗Z > 0}.(1)
The group
G = Sp (n,R) =
{
g ∈ SU(n, n)|gt
(
0 I
−I 0
)
g =
(
0 I
−I 0
)}
ats transitively on D by
Z 7→ (AZ +B)(CZ +D)−1,(2)
where
g =
(
A B
C D
)
(3)
onsists of the n× n bloks A,B,C and D. The isotropy group of 0 is
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K =
{(
A 0
0 A
)
|A ∈ U(n)
}
,(4)
and hene
D ∼= G/K.(5)
Let
Ω = {X ∈ V |X > 0}.
Then Ω is a symmetri one in V with automorphism group GL(n,R) ating as
X
g
7→ gXgt.
In fat
Ω ∼= GL(n,R)/O(n).
Moreover, the boundary of Ω is partitioned into n orbits under GL(n,R),
∂Ω = ∪ni=1Ω
(i),
where Ω(i) is the set of positive semidenite matries of rank i. Eah orbit arries a
quasi-invariant measure, µi, transforming in the fashion
g∗µi = | det g|
iµi
under the ation of GL(n,R).
The Cayley transform
c(Z) = (I − Z)(I + Z)−1
maps D biholomorphially onto the tube domain
TΩ := {Z = U + iV ∈ V
C|U ∈ Ω}.
Let τ denote the onjugation with respet to V , i.e.,
τ(u+ iv) = u− iv.
The set, X of xed points of τ in D , V ∩D is a totally real and totally geodesi real
submanifold of D , and the Cayley transform restrits to a dieomorphism
X ∼= Ω.
In partiular, X is a homogeneous spae
X ∼= H/L,
where H ∼= GL(n,R) and L ∼= O(n). Consider now the isomorphism
Ψ : GL(n,R)→ R∗ × SL(n,R)
given by
g
Ψ
7→ (det(g), det(g)−1/ng)
with inverse Ψ−1 given by
(λ, h)
Ψ−1
7→ λ1/nh.
The dierential of Ψ at the identity element gives an isomorphism of Lie algebras
gl(n,R) = R⊕ sl(n,R).
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We will denote the SL(n,R)-fator in H by H ′, and orrespondingly we let h′ denote
sl(n,R).
The minimal representation in the analyti ontinuation of the salar holomorphi
disrete series of G an be dened as a Hilbert spae of funtions, H1/2, on TΩ. This
spae has the reproduing kernel
K1/2(z, w) := det(z − w
∗)−1/2.(6)
By (an analyti ontinuation of) a Laplae transform, it is unitarily andG-equivariantly
equivalent to the the Hilbert spae L2(Ω(1), µ1) (f. [5℄). Another proof of this an be
found in [2℄. We will now give an even more expliit model for this representation
spae. Consider therefore the mapping
η : Rn \ {0} → Ω(1),
dened by
η(x) = xxt.
Here we identify Rn with the spae of all n× 1 real matries. It is straigthforward to
hek that η is surjetive and that
η(x) = η(y)⇔ x = ±y,
and hene we have a bijetion
Ω(1) ∼= (Rn \ {0})/± 1,
where the right hand side denotes the set of orbits under the linear ation of the two-
element group generated by the endomorphism −I. Moreover, the ation of GL(n,R)
is overed by the linear ation on Rn \ {0} so that we have the following ommuting
diagram.
Rn \ {0}
x 7→gx
−−−→ Rn \ {0}
η
y yη
Ω(1)
X 7→gXgt
−−−−−→ Ω(1)
The measure µ1 is the pushforward under η of the Lebesgue measure on R
n \ {0}.
Hene, the minimal representation an be realised in the Hilbert spae of even square-
integrable funtions on R
n \ {0}. In this piture we have the formula
f
h
7→ det h (f ◦ ht)(7)
for the group ation on funtions. Obviously this Hilbert spae ontains L-invariant
funtions, i.e., the representation is spherial. Therefore, by [7℄, there exists a diret
integral deomposition
L2((Rn \ {0})/± 1) ∼=
∫
Λ
Hλdν,
where Λ is some parameter set, the Hλ are anonial representation spaes for irre-
duible spherial unitary representations of H ′, and ν is some positive measure on Λ,
alled the Planherel measure for the minimal representation.
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2.2. Type Inn. Let V be the real vetor spae of Hermitian n × n-matries. The
omplexiation, V C = V ⊕ iV , of V onsists of all omplex n× n matries. Consider
the bounded symmetri domain
D = {Z ∈ V C|I − Z∗Z > 0}.
The group
G = SU(n, n)
ats on D by
Z 7→ (AZ +B)(CZ +D)−1,
where
g =
(
A B
C D
)
onsists of the n× n bloks A,B,C and D. We have the desription
D ∼= G/K.
of D as a homogeneous spae, where
K = S(U(n)× U(n) =
{(
A 0
0 D
)
|A,D ∈ U(n), det(A)det(D) = 1
}
.
The symmetri one
Ω = {X ∈ V |X > 0}
in V has automorphism group GL(n,C) ating as
X
g
7→ gXg∗,
and
Ω ∼= GL(n,C)/U(n).
The boundary of Ω partitions into GL(n,C) orbits as
∂Ω = ∪ni=1Ω
(i),
where Ω(i) is the set of positive semidenite matries of rank i. Eah orbit arries a
quasi-invariant measure, µi, transforming in the fashion
g∗µi = | det g|
2iµi
under the ation of GL(n,C). The Cayley transform
c(Z) = (I − Z)(I + Z)−1
maps D biholomorphially onto the tube domain
TΩ := {Z = U + iV ∈ V
C|U ∈ Ω}.
Let τ denote the onjugation with respet to V , i.e.,
τ(u+ iv) = u− iv.
The set, X of xed points of τ in D , V ∩D is a totally real submanifold of D and the
Cayley transform restrits to a dieomorphism
X ∼= Ω.
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In partiular, X is a homogeneous spae
X ∼= H/L,
where H ∼= GL(n,C) and L ∼= U(n).
The minimal representation in the analyti ontinuation of the salar holomorphi
disrete series of G is a Hilbert spae, H1, of funtions on TΩ with reproduing kernel
K1(z, w) := det(z − w
∗)−1.
Another realisation is furnished by the Hilbert spae L2(Ω(1), µ1) (f. [5℄, [2℄).
To give an expliit realisation, we now onsider the mapping
η : Cn \ {0} → Ω(1)
dened by
η(z) = zz∗.
Here we identify Cn with the spae of all n× 1 omplex matries. It is straigthforward
to hek that η is surjetive and that
η(z) = η(w)⇔ z = eiθw,
for some real θ, and hene we have a bijetion
Ω(1) ∼= Cn/U(1).
The ation of GL(n,C) is overed by the linear ation on Cn so that we have the
following ommuting diagram.
Cn \ {0}
z 7→gz
−−−→ Cn \ {0}
η
y yη
Ω(1)
Z 7→gZg∗
−−−−−→ Ω(1)
The measure µ1 is the pushforward under η of the Lebesgue measure on C
n \ {0}.
Hene, the minimal representation an be realised in the Hilbert spae of U(1)-invariant
square-integrable funtions on Cn. In this piture, we have the formula
f
h
7→ detRh
∗ (f ◦ h∗),(8)
for the group ation on funtions, where the subsript on the determinant means the
determinant of h as an R-linear operator on R2n.
3. The branhing rule: type IIn
3.1. Some parabolially indued representations. In the following, we will on-
sider some parabolially indued representations of H ′ = SL(n,R).
Let a0 = Re, where
e =
(
n− 1 0
0 −In−1
)
,
where In−1 denotes the identity matrix of size (n−1)×(n−1). The maximal paraboli
subalgebra, q0, determined by a0 has a deomposition
q0 = n0 ⊕m0 ⊕ a0 ⊕ n0,
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where
n0 =




0 x1 · · · xn−1
0 0 · · · 0
.
.
.
.
.
.
.
.
. 0
0 0 · · · 0

 |x1, . . . , xn−1 ∈ R


,
m0 =
{(
0 0
0 M
)
|M ∈ sl(n− 1,R)
}
,
n0 =




0 0 · · · 0
x1 0 · · · 0
.
.
.
.
.
.
.
.
. 0
xn−1 0 · · · 0

 |x1, . . . , xn−1 ∈ R


.
Here the subspae m0 is dened by the property
Zh′(a0) = a0 ⊕m0,
and
n0 = {X ∈ h
′| [H,X ] = α(H)X, ∀H ∈ a0} ,
n0 = {X ∈ h
′| [H,X ] = −α(H)X, ∀H ∈ a0}
are the generalised root spaes, where the root α ∈ a0
∗
is determined by
α(e) = n.
We let ρ0 denote the half sum of the positive roots ounted with multipliity, i.e.,
ρ0 =
n− 1
2
α.
On the group level we have the orresponding deomposition
Q0 = M0A0N0,
where
A0 =
{(
es 0
0 qIn−1
)
|s, q ∈ R, esqn−1 = 1
}
M0 =
{(
1 0
0 M
)
|M ∈ GL(n− 1,R)
}
,
N0 =




1 x1 x2 · · · xn−1
0 1 0 · · · 0
0 0 1 · · · 0
.
.
.
.
.
. 0
.
.
. 0
0 0 0 · · · 1

 |x1, . . . , xn−1 ∈ R


Consider now the representation 1⊗ exp iλ⊗ 1 of the group
Q0 = M0A0N0.
The indued representation
τλ := Ind
H′
Q0
(1⊗ exp(iλ + ρ0)⊗ 1)(9)
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has a nonompat realisation in the Hilbert spae L2(N0, dn) (f. [4℄). We have
piλ(h)f(n) = e
−(iλ+ρ0)(log a0(h−1n))f(n0(h
−1n)),(10)
The deomposition h′ = n0⊕m0⊕ a0⊕ n0 gives a orresponding deomposition
H ′
.
= N0M0A0N0,
by whih we mean that the equality holds outside a set of stritly lower dimension.
The fatorisation of a group element with respet to this deomposition is not unique,
but the A0-omponent is. For h ∈ H
′
, we let a0(h) denote this omponent. The
mapping exp : a0 → A0 is a dieomorphi homomorphism of abelian groups. We let
log : A0 → a0 denote its inverse. The representation τλ is then given by
τλ(h)f(n) = e
−(iλ+ρ0)(log a0(h−1n))f(n0(h
−1n)).(11)
For arbitrary h ∈ H ′, n ∈ N0, a fatorisation of hn an be given by(
a b
c d
)(
1 0
x In−1
)
=
(
1 0
c+dx
a+bx
In−1
)( a+bx
|a+bx|
0
0 |a+ bx|1/n−1(d−
(
c+dx
a+bx
)
b)
)
×
(
|a+ bx| 0
0 |a+ bx|−1/n−1In−1
)(
1 b
t
a+bx
0 In−1
)
.
In view of this, and identifying L2(N0, dn) with L
2(Rn−1, dx), we obtain the following
expliit formula for the indued representation:
(τλ(h)f)(x) = |ax+ b|
−(iλ+n/2)f
(
c+ dx
a+ bx
)
,
where h =
(
a b
c d
)
.
3.2. An intertwining operator . Let mλ be the one-dimensional representation
mλ(c)z := |c|
iλ+ρ0z
of R∗. Realling the isomorphism
Ψ : GL(n,R)→ R∗ × SL(n,R)
from the previous setion, we an now form the representation
piλ := mλ ⊗ τλ(12)
of GL(n,R). We let Hλ denote the assoiated representation spae.
We now onsider an operator, T , mapping a C∞0 ((R
n \ {0})/± 1)-funtion, f , to a
funtion Tf : C× Rn−1 → R whih is meromorphi in the rst variable. The funtion
Tf(z, η) :=
∫
Rn
f(x)|〈x, (1, η)〉|−(iz+n/2)dx(13)
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is well dened as a funtion of z and η when Imz− n/2 > −1. For suh z, a hange of
variables, followed by an integration by parts, yields∫
Rn
f(x)|〈x, (1, η)〉|−(iz+n/2)dx
=
1
(1 + |η|2)iz+n/2(−(iz + n/2) + 1)
×
∫
Rn−1
∫
y1<0
∂(f ◦ g)(y)
∂y1
|y1|
−(iz+n/2)+1dy1dy2 . . . dyn
−
1
(1 + |η|2)iz+n/2(−(iz + n/2) + 1)
×
∫
Rn−1
∫
y1>0
∂(f ◦ g)(y)
∂y1
|y1|
−(iz+n/2)+1dy1dy2 . . . dyn,
where g is some orthogonal transformation suh that
(1, η) = g(|(1, η)|e1).
By repeated integration by parts we get the identity
Tf(z, η)(14)
=
1
(1 + |η|2)iz+n/2Πkj=1(−(iz + n/2) + j)
×
∫
Rn−1
∫
y1<0
∂k(f ◦ g)(y)
∂yk1
|y1|
−(iz+n/2)+kdy1dy2 . . . dyn
+(−1)k
1
(1 + |η|2)iz+n/2Πkj=1(−(iz + n/2) + j)
×
∫
Rn−1
∫
y1>0
∂k(f ◦ g)(y)
∂yk1
|y1|
−(iz+n/2)+kdy1dy2 . . . dyn.
Therefore, Tf(z, η) an be ontinued to a meromorphi funtion with poles at z =
i(n/2 − j), for j = 1, 2, . . .. In partiular, Tf(λ, η) is a well dened real analyti
funtion for real λ (exept possibly for λ = 0). We write Tλf(η) for Tf(λ, η).
Proposition 1. For f ∈ C∞0 ((R
n \ {0})/ ± 1) and λ ∈ R, the funtions Tλf is in
L2(Rn−1).
Proof. For λ ∈ R, hoose the natural number k > n/2 in (14). The funtions
∂k
∂yk1
(f ◦ h), h ∈ O(n)(15)
onstitute a uniformly bounded family in the supremum-norm. Hene, we have an
estimate
|Tλf(η)| ≤ C(λ)(1 + |η|
2)−(iλ+n/2),(16)
and this proves the laim. 
In what follows, we will state and prove properties for the funtions Tλf for arbitrary
real λ although the proofs will use the dening integral (13) whih makes sense only
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when Imz > n/2 − 1. The idea is then that both sides in the stated equalities are
meromorphi funtions, so by the uniqueness theorem for meromorphi funtions it
sues to perform the alulations when the dening integral makes sense. All integral
equalities should therefore be thought of as analyti ontinuations of the orresponding
equalities when the integrals are onvergent.
Proposition 2. The operator
Tλ : C
∞
0 (R
n/{±1})→Hλ,
given by
Tλf(η) =
∫
Rn
f(x)|〈x, (1, η)〉|−(iλ+n/2)dx(17)
is H-equivariant.
Proof. Take g ∈ H and write g = ζh, where ζ is a diagonal matrix and h has determi-
nant 1. Moreover we write h−1 =
(
a b
c d
)
. Then
Tλ(gf)(η)
=
∫
Rn
f(gtx)|〈(x1, x
′), (1, η)〉|−(iλ+n/2) det gdx
=
∫
Rn
f(x)|〈(x1, x
′), g−1(1, η)〉|−(iλ+n/2)dx
= |ζ |iλ+n/2
∫
Rn
f(x)|(a+ bη)x1 + 〈x
′, c+ dη〉|−(iλ+n/2)dx
= |ζ |iλ+n/2
∫
Rn
f(x)|a+ bη|−(iλ+n/2)
×|〈(x1, x
′), (1, (c+ dη)(a+ bη)−1)〉|−(iλ+n/2)dx
= piλ(g)Tλf(η).

If f is L-invariant, then Tλf is an L-invariant funtion in the representation spae
Hλ. By the Cartan-Helgason theorem ([3℄), the subspae of L-invariants is at most one
dimensional. In fat, it is spanned by the funtion η 7→ (1 + |η|2)−(iλ+n/2)/2. Thus, we
an dene a funtion f˜ by
Tλf(η) = f˜(λ)(1 + |η|
2)−(iλ+n/2)/2.(18)
The plan is now to prove an inversion formula and a Planherel theorem. The
following lemma will be very useful in the sequel.
Lemma 3. Let f ∈ C∞0 (R
n \ {0})L. Then the funtion f˜ an be written in the form
f˜(λ) = 2pin/2
Γ(−(2iλ+ (n− 2))/2)
Γ(1/2)Γ((−2iλ+ n)/4)
M (r 7→ rn/2f(re1))(λ),
where M is the Mellin transform.
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Proof. We start by observing that, sine f has ompat support outside the origin,
the Mellin transform above admits an entire extension by the Paley-Wiener theorem.
It thus sues to prove the statement for λ ∈ i(n/2 − 1,∞) by the uniqueness of an
analyti ontinuation.
By the L-invariane of f and of the Lebesgue measure, we have
∫
Rn
f(x)|〈x, (1, η)〉|−(iλ+n/2)dx.(19)
=
∫
Rn
f(x)
∫
SO(n)
|〈gx, (1, η)〉|−(iλ+n/2)dgdx.
Consider now the funtion
R(x, y) :=
∫
SO(n)
|〈gx, y〉|−(iλ+n/2)dg, x, y ∈ Rn.(20)
It is SO(n)-invariant in eah variable separately, and it is homogeneous of degree
−(iλ+ n/2). Hene,
R(x, y) = |x|−(iλ+n/2)|y|−(iλ+n/2)
∫
SO(n)
|〈ge1, e1〉|
−(iλ+n/2)dg.(21)
The integral on the right hand side an be expressed as an integral over the sphere
Sn−1. Indeed, the bration
p : SO(n)→ Sn−1, p(g) = ge1(22)
denes a measure σ on Sn−1 as the pushforward of the normalised Haar measure on
SO(n), i.e., σ is dened as an SO(n)-invariant linear funtional on C(Sn−1) by the
equation
∫
Sn−1
f(ξ)dσ(ξ) :=
∫
SO(n)
f(p(g))dg, f ∈ C(Sn−1).(23)
By hoosing f as a onstant funtion in the above equality, we see that σ is the
normalised surfae measure on Sn−1. Applying (23) to the equality (21), we get
R(x, y) = |x|−(iλ+n/2)|y|−(iλ+n/2)
∫
Sn−1
|ζ1|
−(iλ+n/2)dσ(ζ).(24)
The last integrand depends only on one variable, and hene we an apply the Funtions
of fewer variables-theorem (f. [6℄) and replae the integral by an integral over the
unit interval on the real line. This yields
∫
Sn−1
|ζ1|
−(iλ+n/2)dσ(ζ)
2Γ(n/2)
Γ(1/2)Γ((n− 1)/2)
∫ 1
0
(1− t2)
n−3
2 t−(iλ+n/2)dt.
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By performing the hange of variables s = 1− t2, we obtain
2Γ(n/2)
Γ(1/2)Γ((n− 1)/2)
∫ 1
0
(1− t2)
n−3
2 t−(iλ+n/2)dt
=
Γ(n/2)
Γ(1/2)Γ((n− 1)/2)
∫ 1
0
s
n−1
2
−1(1− s)−
2iλ+(n−2)
4
−1ds
=
Γ(n/2)
Γ(1/2)Γ((n− 1)/2)
β
(
n− 1
2
,−
2iλ+ (n− 2)
4
)
=
Γ(n/2)Γ(−(2iλ+ (n− 2))/2)
Γ(1/2)Γ((−2iλ+ n)/4)
,
and hene ∫
Sn−1
|ζ1|
−(iλ+n/2)dσ(ζ) =
Γ(n/2)Γ(−(2iλ+ (n− 2))/2)
Γ(1/2)Γ((−2iλ+ n)/4)
.(25)
Inserting (24) (with y = (1, η)) and (25) into (19) gives∫
Rn
f(x)|〈x, (1, η)〉|−(iλ+n/2)dx
= (1 + |η|2)−(iλ+n/2)/2
Γ(n/2)Γ(−(2iλ+ (n− 2))/2)
Γ(1/2)Γ((−2iλ+ n)/4)
×
∫
Rn
f(x)|x|−(iλ+n/2)dx.
Finally, we use polar oordinates to ompute the integral on the right hand side. Then∫
Rn
f(x)|x|−(iλ+n/2)dx =
2pin/2
Γ(n/2)
∫ ∞
0
rn/2f(re1)r
−iλdr
r
,
and hene the lemma is proved. 
Theorem 4 (Inversion formula). If f ∈ C∞0 (R
n \ {0})L, then
f(re1) =
Γ(1/2)
2pin/2
∫
R
f˜(λ)riλ−n/2
Γ((−2iλ + n)/4)
Γ((−(2iλ + (n− 2))/2)
dλ.
Proof. By the previous lemma, we an write
M (r 7→ rn/2f(re1))(λ) := f˜(λ)b(λ).(26)
By the assumptions on f , the inverse Mellin transform is dened for the left hand side
sine it is in L1, and the inversion formula for the Mellin transform yields
rn/2f(re1) =
∫
R
f˜(λ)b(λ)riλ−1dλ,(27)
i.e.,
f(re1) =
Γ(1/2)
2pin/2
∫
R
f˜(λ)riλ−n/2
Γ((−2iλ + n)/4)
Γ((−(2iλ + (n− 2))/2)
dλ.

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Remark. Note that this is a somewhat peuliar looking Inversion formula. It does
not express the funtion f as a weighted superposition of some anonial funtions
with respet to the Planherel measure for the given representation. This will beome
lear by the next theorem. The reason that we prove it is rather beause it serves as
a means for proving the Planherel theorem.
Theorem 5 (Planherel theorem). For all f ∈ C∞0 (R
n \ {0})L we have∫
Rn
|f(x)|2dx =
∫
R
|f˜(λ)|2
∣∣∣∣Γ(1/2)2pin/2
Γ((−2iλ + n)/4)
Γ((−(2iλ + (n− 2))/2)
∣∣∣∣
2
dλ.
Proof. We introdue some temporary notation and write the inversion formula in the
simplied form
f(re1) =
∫
R
f˜(λ)riλ−n/2φ(λ)dλ.
By the inversion formula we then have∫
Rn
|f(x)|2dx =
∫
Rn
f(x)
∫
R
f˜(λ)|x|−iλ−n/2φ(λ)dλdx
=
∫
R
f˜(λ)
∫
Rn
f(x)|x|−iλ−n/2dxφ(λ)dλ.
By the proof of Lemma 3, the inner integral an be seen to be equal to f˜(λ)φ(λ), and
hene ∫
R
f˜(λ)
∫
Rn
f(x)|x|−iλ−n/2dxφ(λ)dλ =
∫
R
|f˜(λ)|2|φ(λ)|2dλ,
and this onludes the proof. 
Theorem 6. The operator T extends to a unitary H-intertwining operator
U : L2((Rn \ {0})/± 1)→
∫
R
Hλdµ(λ),(28)
where µ is the measure determined by the identity∫
R
f(λ)dµ(λ) :=
∫
R
f(λ)
∣∣∣∣Γ(1/2)2pin/2
Γ((−2iλ+ n)/4)
Γ((−(2iλ+ (n− 2))/2)
∣∣∣∣
2
dλ.
Proof. By Prop. 2 and Thm. 5, there exists a unique H-intertwining extension U :
L2((Rn \ {0})/ ± 1) →
∫
R
Hλdµ(λ) of T . The only thing that remains to prove is the
surjetivity of U .
This follows immediately from the proof of Theorem 9 in [7℄. Indeed, by the H-
equivariane of the operator U the ation of the ommutative Banah algebra L1(H)#
of left and right L-invariant L1-funtions on H is intertwined. On eah subspae
HLλ , a funtion f ∈ L
1(H)# ats as a salar operator, fˆ(λ). If we let vλ denote the
anonial L-invariant vetor assoiated with the spherial representation on Hλ, and
ω ∈ L2((Rn \ {0})/± 1) denote an L-invariant vetor in the minimal K-type, then the
positive funtional Φ on L1(H)# given by Φ(f) = 〈pi(f)ω, ω〉 an be written as the
integral
Φ(f) =
∫
R
φλ(f)dµ(λ),(29)
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where φλ is the multipliative funtional f 7→ 〈f(λ)vλ, vλ〉λ. The surjetivity now fol-
lows from the proof of Theorem 9 in [7℄ by uniqueness of suh an integral deomposition
of Φ. 
4. The branhing rule: type Inn
We onsider the dieomorphism
Ψ : GL(n,C)→ C∗ × SL(n,C)
given by
g
Ψ
7→ (det(g), det(g)−1/ng),
where we have hosen the branh of the nth-root multifuntion determined by the root
of unity with the least argument (i.e. in polar oordinates (reiθ)1/n := r1/neiθ/n). The
mapping Ψ has inverse
Ψ−1 : (λ, h) 7→ λ1/nh.
In this ase, however, Ψ is not a group homomorphism sine the hosen branh of the
multifuntion is not multipliative. Instead Ψ is multipliative up to salar multiples of
modulus one. We shall see later that we an still use this dieomorphism to onstrut
representations of GL(n,C) from representations of SL(n,C) and C∗ respetively.
4.1. Some parabolially indued representations of SL(n,C). Let a0 = Re,
where
e =
(
n− 1 0
0 −In−1
)
.
Consider the maximal paraboli subalgebra, q0, determined by a0, with deomposition
q0 = n0 ⊕m0 ⊕ a0 ⊕ n0,
where
n0 =




0 z1 · · · zn−1
0 0 · · · 0
.
.
.
.
.
.
.
.
. 0
0 0 · · · 0

 |z1, . . . , zn−1 ∈ C


,
m0 =
{(
0 0
0 M
)
|M ∈ sl(n− 1,C)
}
,
n0 =




0 0 · · · 0
z1 0 · · · 0
.
.
.
.
.
.
.
.
. 0
zn−1 0 · · · 0

 |z1, . . . , zn−1 ∈ C


.
Here the subspae m0 is dened by the property
Zh′(a0) = a0 ⊕m0,
and
n0 = {X ∈ h
′| [H,X ] = α(H)X, ∀H ∈ a0} ,
n0 = {X ∈ h
′| [H,X ] = −α(H)X, ∀H ∈ a0}
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are the generalised root spaes, where the root α ∈ a0
∗
is determined by
α(e) = n.
We let ρ0 denote the half sum of the positive roots ounted with multipliity, i.e.,
ρ0 = (n− 1)α.
On the group level we have the orresponding deomposition
Q0 = M0A0N0,
where
A0 =
{(
es 0
0 qIn−1
)
|s, q ∈ R, esqn−1 = 1
}
M0 =
{(
1 0
0 M
)
|M ∈ GL(n− 1,C)
}
,
N0 =




1 z1 z2 · · · zn−1
0 1 0 · · · 0
0 0 1 · · · 0
.
.
.
.
.
. 0
.
.
. 0
0 0 0 · · · 1

 |z1, . . . , zn−1 ∈ C


Consider now the representation 1⊗ exp iλ⊗ 1 of the group
Q0 = M0A0N0.
We realise the indued representation
τλ := Ind
H′
Q0
(1⊗ exp(iλ + ρ0)⊗ 1)(30)
in the Hilbert spae L2(N0, dn).
The deomposition on the group level
H ′
.
= N0M0A0N0,
gives that for h ∈ H ′, n ∈ N0, hn an be fatorised as(
a b
c d
)(
1 0
z In−1
)
=
(
1 0
c+dz
a+bz
In−1
)( a+bz
|a+bz|
0
0 |a+ bx|1/n−1(d−
(
c+dz
a+bz
)
b)
)
×
(
|a+ bz| 0
0 |a+ bz|−1/n−1In−1
)(
1 b
t
a+bz
0 In−1
)
.
Hene, by identifying L2(N0, dn) with L
2(Cn−1, dm(z)), where dm(z) is the Lebesgue
measure on C
n
, we obtain the following formula for the ation of H ′ on funtions in
the representation spae:
τλ(h)f(z) = |az + b|
−(iλ+n)f
(
c+ dz
a + bz
)
,
where h =
(
a b
c d
)
.
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4.2. An intertwining operator . Realling the dieomorphism
Ψ : GL(n,C)→ C∗ × SL(n,C)
from the previous setion, we an now form the representation
mλ ⊗ Ind
H′
Q0(1⊗ exp(iλ+ ρ0)⊗ 1),
where mλ(c) = |c|
iλ+ρ
, of C∗ × SL(n,C). This will in fat give a representation of
GL(n,C). Indeed, suppose that we have g1, g2 ∈ GL(n,C). We an write
g1 = λ
1/n
1 h1,
and
g2 = λ
1/n
2 h2,
with λ1, λ2 ∈ C
∗
and h1, h2 ∈ SL(n,C). Then
g1g2 = (λ1λ2)
1/nξ(λ1, λ2)h1h2,
where |ξ(λ1, λ2)| = 1 and hene the mapping
piλ : g 7→ mλ ⊗ Ind
H′
Q0(1⊗ exp(iλ+ ρ0)⊗ 1) ◦Ψ(g)(31)
denes a unitary representation of GL(n,C). We let Hλ denote the orresponding
representation spae.
For f ∈ C∞0 (C
n), we dene the funtion Tf : C× Cn−1 → C by
Tf(λ, η) :=
∫
Cn
f(z)|〈z, (1, η)|−(iλ+n)dm(z),
where the right hand side is to be interpreted using analyti ontinuation in the vari-
able λ as in the previous setion (eq.(13) and the following disussion). We have the
following analog of Prop. 1.
Proposition 7. For f ∈ C∞0 ((C
n \ {0})/ ± 1) and λ ∈ R, the funtions Tλf is in
L2(Cn−1).
The proof is the same as that of Prop. 1.
All the following integral equalities where the variable λ ours are to be thought of
as analyti ontinuations of the orresponding equalities involving onvergent integrals.
We write Tλf for the funtion η 7→ Tf(λ, η).
Proposition 8. The operator
Tλ : C
∞
0 ((C
n \ {0})/U(1))→ Hλ(32)
is H-equivariant.
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Proof. Take g ∈ H and write g = ζh, where ζ is a diagonal matrix and h has determi-
nant 1. Moreover we write h−1 =
(
a b
c d
)
. Then
Tλ(gf)(η) =
∫
Cn
f(g∗z)|〈(z1, z
′), (1, η)〉|−(iλ+n)| det g∗|2dm(z)
=
∫
Cn
f(x)|〈(z1, z
′), g−1(1, η)〉|−(iλ+n)dm(z)
= |ζ |iλ+n
∫
Cn
f(x)|(a+ bη)z1 + 〈z
′, c+ dη〉|−(iλ+n)dm(z)
= |ζ |iλ+n
∫
Cn
f(x)|a+ bη|−(iλ+n)
×|〈(z1, z
′), (1, (c+ dη)(a+ bη)−1)〉|−(iλ+n/2)dm(z)
= piλ(g)Tλ(f)(η).

For an L-invariant funtion f , the funtion η 7→ Tf(λ, η) is L-invariant by the
above proposition. The Cartan-Helgason theorem ([3℄) therefore allows us to dene
the funtion f˜ by
T (λ, η) = f˜(λ)(1 + |η|2)−(iλ+n)/2.
Lemma 9. Let f ∈ C∞0 (C
n \ {0})L. Then the funtion f˜ an be written in the form
f˜(λ) = 4pin
Γ
(
− iλ+(n−2)
2
)
Γ
(
− iλ+(n−2)
2
+ n− 1
)M (r 7→ rnf(re1))(λ),(33)
where M is the Mellin transform.
Proof. The proof is almost idential to that of Lemma 3. We assume that λ is purely
imaginary with big enough imaginary part. Then∫
Cn
f(z)|〈z, (1, η)〉|−(iλ+n)dm(z)(34)
=
∫
Cn
f(z)
∫
SU(n)
|〈gz, (1, η)〉|−(iλ+n)dgdm(z).
The inner integral an be written as∫
Cn
f(z)|〈z, (1, η)〉|−(iλ+n)dm(z)(35)
=
∫
Cn
f(z)
∫
SU(n)
|〈gz, (1, η)〉|−(iλ+n)dg
= |z|−(iλ+n)(1 + |η|2)−(iλ+n)/2
∫
S2n−1
|ζ1|
−(iλ+n)dσ(ζ).
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The integrand on the right hand side depends only on one variable, and hene we an
apply [6℄, Prop. 1.4.4. This yields∫
S2n−1
|ζ1|
−(iλ+n)dσ(ζ)(36)
=
n− 1
pi
∫
U
(1− |z|2)n−2|z|−(iλ+n)dm(z),
where U is the unit dis in C. The last integral an be written as
n− 1
pi
∫
U
(1− |z|2)n−2|z|−(iλ+n)dm(z)(37)
= 2pi(n− 1)
∫ 1
0
(1− t)(n−1)−1t−(iλ+(n−2))/2−1dt
:= 2pi(n− 1)β(n− 1,−(iλ+ (n− 2))/2)
= 2pi
Γ
(
− iλ+(n−2)
2
)
Γ
(
− iλ+(n−2)
2
+ n− 1
) .
Using (35), (36), and (37), the identity (34) an be rewritten in the form∫
Cn
f(z)|〈z, (1, η)〉|−(iλ+n)dm(z)
= 4pin(1 + |η|2)−(iλ+n)/2
Γ
(
− iλ+(n−2)
2
)
Γ
(
− iλ+(n−2)
2
+ n− 1
)
×
∫
Cn
f(z)|z|−(iλ+n)dm(z).
Using polar oordinates, the integral on the right is given by∫
Cn
f(z)|z|−(iλ+n)dm(z) =
2pin
Γ(n)
∫ ∞
0
rnf(re1)r
−iλdr
r
,
and this proves the statement. 
Sine f has ompat support outside the origin, the right hand side admits an
extension to an entire funtion by the Paley-Wiener theorem.
Theorem 10 (Inversion formula). If f ∈ C∞0 (C
n \ {0})L, then
f(re1) =
1
4pin
∫
R
f˜(λ)riλ−n
(
−
iλ+ n− 2
2
)
n−1
dλ,
where (·)k denotes the Pohhammer symbol dened as
(t)0 = 1,
(t)k = t(t + 1) · · · (t+ k − 1), k ∈ N
+.
Proof. The identity
(x)k =
Γ(x+ k)
Γ(x)
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shows that the statement of Lemma 9 an be written in the form
M (r 7→ rnf(re1)) =
1
4pin
(
−
iλ+ n− 2
2
)
n−1
f˜(λ)(38)
The inversion formula for the Mellin transform then yields the identity
f(re1) =
1
4pin
∫
R
(
−
iλ + n− 2
2
)
n−1
f˜(λ)riλ−ndλ.

Theorem 11 (Planherel theorem). For all f ∈ C∞0 (C
n \ {0})L we have
∫
Cn
|f(z)|2dm(z) =
(
1
4pin
)2 ∫
R
|f˜(λ)|2
∣∣∣∣
(
−
iλ + n− 2
2
)
n−1
∣∣∣∣
2
dλ.
Proof. For simpliity, we write the inversion formula in the form
f(re1) =
∫
R
f˜(λ)riλ−nφ(λ)dλ.
By the inversion formula we then have∫
Cn
|f(z)|2dm(z) =
∫
Cn
f(z)
∫
R
f˜(λ)|z|−iλ−nφ(λ)dm(z)
=
∫
R
f˜(λ)
∫
Cn
f(z)|z|−iλ−ndm(z)φ(λ)dλ.
By the proof of Lemma 9, the inner integral an be seen to be equal to f˜(λ)φ(λ), and
hene ∫
R
f˜(λ)
∫
Cn
f(z)|z|−iλ−ndm(z)φ(λ)dλ =
∫
R
|f˜(λ)|2|φ(λ)|2dλ,
and this onludes the proof. 
By the same argument that we used to prove Theorem 6, we have the following
branhing law.
Theorem 12. The operator T extends to a unitary H-intertwining operator
U : L2((Cn \ {0})/U(1))→
∫
R
Hλdµ(λ),(39)
where µ is the measure determined by the identity
∫
R
f(λ)dµ(λ) :=
(
1
4pin
)2 ∫
R
f(λ)
∣∣∣∣
(
−
iλ+ n− 2
2
)
n−1
∣∣∣∣
2
dλ.
Remark. The ideas in this paper ould probably be extended to the ase of the type
IIIn bounded symmetri domain onsisting of omplex antisymmetri n× n matries
by realising the orresponding minimal representation as the Hilbert spae
L2((Hn \ {0})/Sp(1)) and proeeding in an analogous way.
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